However, the answer is completely known for the problem of the strict sums of squares, i.e. in the case k = 2. See [EH] for Serre's special proof of g(q, 2) = 3 for q = 3 by using Weil's theorem on curves over a finite field.
In this paper, we deal with the strict Waring problem for cubes, improving results of the second named author (see [Ga] ). Thus, we assume that p = 3. According to Theorem 4 of [Va] , w(q, 3) = 3 for q ∈ {2, 4, 16}. Since the sums of cubes in the field F 4 are 0 or 1, sums of cubes in the ring F 2 [t] are congruent to 0 or 1 modulo the polynomial t 2 + t + 1, and sums of cubes in F 4 [t] are congruent to 0 or 1 modulo every polynomial of degree 1. Hence, in what follows we may assume that q > 4.
Our main result (see Theorem 1) is an upper bound for the numbers g(q, 3) when q ∈ {2, 4}. Namely:
(a) Assume that q > 4 and that gcd(q, 3) = 1. Then g(q, 3) ≤ 7 if q ∈ {16, 7, 13}. Clearly if the polynomial t admits a tamed representation as a sum of s kth powers, the same is true for any P ∈ F q [t] .
The tamed Waring problem for the polynomial ring F q [t] is that of the existence of an integer s such that any polynomial P ∈ F q [t] admits a tamed representation as a sum of s kth powers. If such an integer s exists, denote by t(q, k) the minimal such s. As above, a natural question is to determine or to bound t(q, k).
We will prove that for all q ∈ {2, 4} the polynomial t is a tamed sum of cubes and we will determine all the numbers t(q, 3).
Sums of cubes in
s with x 1 ∈ F q , . . . , x s ∈ F q , let c(q, 3) be the least such integer s. We begin by computing these numbers. and xy = 0. Assume that q ≡ 1 (mod 3). Since every element of F q is a cube, (a) holds. Moreover for any a ∈ F q one has N (q, a) = q and n(q, 1) = q − 2 ≥ 1 for q = 2. Assume now that q ≡ 1 (mod 3). It follows from Weil's theorem on curves over a finite field (see, e.g., [LN] ) applied to the projective curve az
Suppose, furthermore, that q ≥ 13. We claim that c(q, 3) = 2. It is clear
Since not all elements in F q are cubes we also have c(q,
for any a ∈ F q that is not a cube. Suppose that q ≥ 17. From (1) and (2) it follows that n(q, a) ≥ 1. This establishes (c). Suppose that q ≥ 13 and that a is not a cube. From (1) and (3) it follows that n(q, a) ≥ 1. To complete the proof we shall now investigate the cases q = 7 and q = 16. Since the cubes in F 7 are 0, 1 and −1 it follows that c(7, 3) = 3. Let a ∈ F 4 be such that a 2 = a + 1 and let b ∈ F 16 be such that b
Hence, the cubes in F 16 are 0, 1, ab, ab + a, ab + 1 + b, ab + a + b. This implies that c(16, 3) = 2, thereby proving the proposition.
A bound for t(q, 3)
. We assume that q is a power of a prime p = 3 in all this section.
Proposition 2. We have
Proof. Let a and b be in F q . Suppose that q is odd. Since the polynomial t − (at + b) cube of a linear polynomial. Finally, observe that the polynomial t + t 3 is not the cube of a linear polynomial. Therefore t(q, 3) ≥ 3. We suppose that q ∈ {16, 7, 13}. In view of Proposition 1, there exist a, b in F q such that
Thus, for any P ∈ F q [t], one has the Serre Identity (see also [Va] )
Hence, t(q, 3) ≤ 3. In order to establish the proposition we investigate the remaining cases.
For q = 7, one has P = (P + 1)
For q = 13, one has
Let a ∈ F 4 be such that a 2 = a + 1 and let b ∈ F 16 be such that b
Hence, t(q, 3) ≤ 4 for q ∈ {7, 13, 16}. Assume now that q ∈ {7, 13, 16}. Suppose that t = P 
The descent.
In all this section q denotes a power of a prime p = 3; for any nonzero polynomial P ∈ F q [t], sgn(P ) denotes the leading coefficient of P , and [r] denotes the integer part of a real r.
so that y n = α 3 for some α ∈ F q , α = 0. Moreover, n = 3m where m is a nonnegative integer. We consider the relations: 
It is clear now that (a) and (b) hold. By construction of Z it follows that deg(R) < n − m, thereby finishing the proof.
), (d) R is monic and deg(R) ≡ 0 (mod 3). More precisely, one has deg(R) = 3(deg(Y )/3 − [deg(Y )/9]).
Proof. We keep the notations of the above proof. We set s = [m/3], the integer part of m/3. Observe that 3s ≤ m. We consider here the equations (r 0 ), (r 1 ), . . . , (r 3s−1 ), and instead of the equation (r 3s ), we consider the equation 
It is now clear that ( The main argument is as follows. We apply Proposition 4 twice. Firstly, we obtain the existence of polynomials Z 1 and Y 1 such that
Secondly, we obtain the existence of polynomials Z 2 and Y 2 such that
where the nonnegative integer a is defined in the following manner:
Finally, we apply Proposition 3. Therefore there exist polynomials Z 3 and Y 3 such that
It remains to be shown that 3 deg(Y 3 ) ≤ deg(Y ). Suppose that 2a < n + m + k + 2. The result follows from the inequality deg(Y 3 ) < 8n + 2m + 2a. But the case where 2a ≥ n + m + k + 2 may occur only if n = 0, m = 0, k = 2, i.e. when deg(Y ) = 6. This case has been excluded by the hypothesis.
Proof. If deg(Y ) ∈ {3n − 1, 3n − 2} for some integer n ≥ 1, we take Proof. Suppose that q ∈ {2, 4, 16, 7, 13}. Then t(q, 3) = 3 and r(q) = 1. Proposition 9 shows that any polynomial whose degree is different from 4, 5, 6 admits a strict representation as a sum of 7 cubes. On the other hand, Proposition 10 shows that a polynomial of degree 4, 5 or 6 admits a strict representation as a sum of 6 or 7 cubes according to the value of q modulo 3.
The other relations are obtained similarly from the equalities t(7, 3) = t(13, 3) = t(16, 3) = 4, c(7, 3) = 3, c(13, 3) = c(16, 3) = 2, thus completing the proof of the theorem.
